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A long-lived glowing structure in the atmosphere, sometimes called a ball lightning (BL),
attracts attention of the scientific community for almost two centuries since the pioneering work
by Arago [1]. Nevertheless, despite numerous theoretical and experimental efforts aimed to
understand this phenomenon (see, e.g., [2]), physical processes underlying BL are still unclear.
BL has the following remarkable properties. According to the majority of eyewitness reports
BL appears during a thunderstorm. Thus it should be associated with atmospheric electricity
and have electrodynamic or plasma nature. BL is a glowing structure with the size of several
centimeters. The lifetime of such an object can be up to several minutes. Taking into account the
average lifetime of unstructured plasma and difficulties of the plasma confinement in a limited
region of space, one can conclude that BL should have rather complicated internal structure. BL
is reported to pass through microscopic cracks, with the size being much less than the visible
dimensions of BL, in dielectric materials, e.g., glass, without further damaging them. It was
even reported that BL burned microscopic holes and tracks while it was in contact with external
materials. It means that BL should have a small, dense and hot core surrounded by a colder
and dilute halo. The energy content of BL, indirectly estimated by the damage created while it
disappears, is in the range from kJ to MJ. It means that, in some situations, an additional energy
source, which is not of the electromagnetic origin, can be present in BL.
We developed the model of BL based on radial nonlinear quantum oscillations of charged
particles in plasma [3]. Note that spherically symmetric plasma oscillations do not radiate elec-
tromagnetic waves. Thus such a plasma structure will be stable. Besides the stability, one can
explain various properties of BL in frames of this model like the possibility of passing through
tiny holes and even the existence of the internal energy source. However, quantum effects are
unlikely to be essential at the initial stages of the BL evolution. For this reason in [4, 5] we pro-
posed the classical electrodynamics description of BL, which involves stable spatial Langmuir
solitons. This approach seems to be applicable at the stages of the BL formation.
In general situation the evolution of the electric field E (r, t) in a Langmuir wave packet can be
presented in the following way: E = e−iωptE(r, t)+c.c., where E is the envelope of the electric
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Figure 1: Plasmon number versus the frequency shift for Eq. (1) in (a) 2D case and (b) 3D case.
field, ωp =
√
4pin0e2/m is the Langmuir frequency for electrons, and n0 is the unperturbed
electron density. Our main goal is to study the evolution of E for radially symmetric plasma
oscillations. It is known that the stability of a Langmuir wave packet against the collapse is
owing to the presence of a certain nonlinearity. The nonlinear effects based on the electron-
electron interaction and the quantum Bohm pressure were discovered in [6] to result in the
formation of stable spatial Langmuir solitons in two and three dimensions. In the present work
we shall study Langmuir solitons in the cases of (i) nonlocal electron-electron nonlinearity; and
(ii) nonlinearity based on the interaction of an induced electric dipole moment (EDM) of ions
with the oscillating electric field E .
In [4] we studied spatial Langmuir solitons in plasma which involves nonlocal electron-
electron nonlinearity. We obtained there the following nonlinear Schrödinger equation (NLSE)
for the description of radially symmetric plasma oscillations:
λψ =−∆xψ−ψ|ψ|2 +β (d)ψ|ψ|
2
x2
− 3
2
[
3
2
∆x|ψ|2 + d−1x
∂ |ψ|2
∂x
]
ψ, (1)
where ψ(x) = exp
(
iλ s− 94 |Φ|2
)
Φ is the effective wave function, ∆x = ∂
2
∂x2 +
(d−1)
x
∂
∂x is the
radial part of the Laplace operator, λ is the dimensionless frequency shift, β (d) = (d−1)(4−
d)/2, and d = 2,3 is the dimension of space. The dimensionless parameters x, s, and Φ in
Eq. (1) are x =
√
3
2
r
rD
, s = 94ωpt, and Φ =
|E|√
18pin0Te
, where r = |r|, rD =
√
Te/4pie2n0 is the
Debye length, and Te is the electron temperature.
Solutions of Eq. (1) are found numerically. To analyze their stability in Fig. 1 we show
the plasmon number N = Ωd
∫ ∞
0 dxx
d−1|ψ|2 as a function of λ in 2D, d = 2, and 3D, d = 3,
cases. Here Ω2 = 2pi and Ω3 = 4pi is the solid angle in 2D and 3D spaces. Using the Vakhitov-
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Figure 2: Plasmon number versus the frequency shift for Eq. (2) in (a) 2D case and (b) 3D case.
Kolokolov criterion (VKC) we get that the solitons are stable in 2D case, since ∂N∂ |λ | > 0, whereas
in 3D space, stable and unstable, ∂N∂ |λ | < 0, solutions coexist.
Another nonlinearity which arrests the collapse of Langmuir waves and results in the forma-
tion of stable spatial solitons is the interaction of induced EDM of ions with a rapidly oscillat-
ing electric field inside the plasmoid [5]. In this situation ions should be diatomic. The detailed
analysis shows [5] that in this case the dynamics of a plasma soliton obeys the following cubic-
quintic NLSE:
i
∂ψ
∂τ
+∆xψ− d−1x2 ψ+
(|ψ|2−|ψ|4)ψ = 0, (2)
where τ = 15128pi2
Ti
Te
ωpt
(n0∆α)2
, x =
√
5Ti/Te
8pin0∆α
r
rD
, ψ = 4∆α
√
pin0
15Ti
|E|, Ti is the ion temperature, ∆α =
α‖−α⊥, and α‖,⊥ are longitudinal and transversal polarizabilities of an ion.
Note that the general solution of Eq. (1) can be represented in the form ψ = eiλτψ0(x), where
ψ0(x) is the new function. As in the case (i), the form of ψ0 is obtained numerically. In Fig. 2
we show the dependense N(λ ) for numerical solutions found in 2D and 3D cases. It should be
noted that the accuracy of calculations for 3D solitons is lower than in 2D case. Hence to build
a smooth curve in Fig. 2(b) the least squares method is used. Again applying VKC we get that
2D solitons are stable for a broad range of λ , and in 3D space both stable and unstable solutions
are present.
We showed that in both (i) and (ii) cases there are stable spatial Langmuir solitons in 2 and 3
spatial dimensions. A 3D soliton is a spherically symmetric plasma structure which unambigu-
ously models a natural BL. A soliton in the 2D space is an axially symmetric plasma oscillation
and has a cylindrical form. A possible natural implementation of this kind of plasma structures
can be a rare type of BL in the form of a glowing band [2].
In the case (i) a soliton can be excited if the characteristic parameters of a background plasma
are n0 = 105 cm−3 and Te = 106 K. A plasma with such a density may well exist in the Earth
ionosphere. The effective radius of a plasmoid in this case is ∼ 1m. Such a plasma structure
resembles BLs observed near airplanes [2]. In the case (ii) we can discuss a plasma composed
of nitrogen ions which are diatomic. Hence we adopt a reasonable model for the atmospheric
plasma since it consists of mainly nitrogen. For the successful excitation of a soliton, the typical
characteristics of plasma should be n0 = 1021 cm−3, Te = 106 K, and Ti = 300K. The radius of
a soliton is ∼ 10−5 cm, which is close to the prediction of the quantum model of BL [3].
Note that the electron temperature used in our estimates is higher than that one can expect
in a linear lightning bolt. Thus the developed model is likely to describe a protoBL, i.e. BL at
the initial stages of its evolution. One can assume that under certain circumstances the charac-
teristics of a background plasma can take the values favorable for the excitation of a Langmuir
soliton within our model. At the later stages of its evolution other (maybe quantum) nonlinear-
ities become important and a spatial soliton develops into a plasma object identified as BL.
It should be noted that, besides the description of BL, the model in the case (ii) can be applied
for the explanation of the results of experiments where long-lived glowing plasma structures
were obtained in electric discharges in liquid nitrogen (see, e.g., [7]). Indeed, if a plasmoid is
excited in liquid nitrogen, we can take that Ti = 77K, Te = 104 K, and n0 = 3.44× 1021 cm−3.
Such characteristics are well achievable in laboratory plasmas. It makes rather plausible inter-
pretation of the results of [7] in frames of our model.
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